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Abstract
Let Sm be a m-sphere (or, more generally, a homology m-sphere), Y a k-dimensional CW-complex
and f :Sm → Y a continuous map. Let G be a finite group which acts freely on Sm. Suppose that
H ⊂ G is a nontrivial normal cyclic subgroup of a prime order. We estimate the cohomological
dimension of the set A(f,H,G) of (H,G)-coincidence points of f .
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1. Introduction
Throughout this paper, G is a finite group which acts freely on a m-sphere Sm and
f :Sm → Y is a continuous map from Sm into a k-dimensional CW-complex Y . If H is
a subgroup of G, then H acts on the right on each orbit Gx of G as follows: if y ∈ Gx
and y = gx , g ∈ G, then hy = ghx . Following [3,9], the concept of G-coincidence can
be generalized as follows: a point x ∈ Sm is a (H,G)-coincidence point of f if f sends
every orbit of the action of H on the G-orbit of x to a single point. Of course, if H is
the trivial subgroup, then every point of Sm is a (H,G)-coincidence. If H =G this is the
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usual definition of G-coincidence. If G = Zr and H = Zp then a (H,G)-coincidence is
a (p, r)-coincidence in the sense of [9]. We denote by A(f,H,G) the set of all (H,G)-
coincidence points of f and by A(f ) the union of A(f,H,G) with H running over all
nontrivial subgroups of G.
In [4], we proved the existence of coincidence points in a more general setting. The
following theorem was proved.
Theorem A. Ifm |G|k, there is a nontrivial subgroupH ⊂G and a (H,G)-coincidence
point for f .
The above result constitutes a generalization of various previous results such as in [3,6,9]
for actions of the cyclic group Zr on the m-dimensional sphere Sm. Our work was inspired
by the classical Borsuk–Ulam Theorem (for G = Z2 and Y = Rn), and by other results
related to the Borsuk–Ulam theorem such as those of Conner and Floyd [2] (G= Z2 and
Y a n-manifold), [11] (for G= Zp), [10] (for G= Zpα ) and others.
In this paper we study the size of A(f,H,G) in terms of the cohomological dimension
of A(f,H,G) when H is a nontrivial normal cyclic subgroup of G of a prime order. This
is done by estimating the “numerical” index, denoted by ind; it is defined below. We will
prove the following result.
Theorem. Let Sm be a (Zp-homology) sphere, let Y be a k-dimensional CW-complex and
let f :Sm → Y be a map. Let G be a finite group which acts freely on Sm. Let H be a
normal cyclic subgroup of H of a prime order. Then indH(A(f,H,G))m− |G|k.
Corollary 1. The covering dimension dim(A(f,H,G))m− |G|k.
Of course, if G= Zp , where p is a prime, then A(f,Zp,Zp)= A(f ) and in particular
IndZp (A(f ))m−pk. In this case, for H =G= Zp , the significance of the above result
is that it improves the inequality indZp (A(f ))  m − pk − 1 of previous results on the
size of A(f ). The result also provides a lower bound for the cohomology dimension of
A(f,H,G).
In particular the above theorem implies Theorem A of [4] when G has a nontrivial
normal cyclic subgroup of a prime order.
2. Background
For an arbitrary compact Lie group G, the G-Index, IndG(X), of a G-space can
be defined as the kernel Ker(H ∗G(∗)→ H ∗G(X)) of the homomorphism induced by the
constant map from X to a one-point space ∗ (compare [5,7]); it is a homogeneous ideal
in H ∗G(∗). If the action of G is free then H ∗G(∗)∼=H ∗(BG) and the constant map X→∗
corresponds to the classifying map X→ BG, where X denotes the orbit space X/G.
In particular, for G= Z2, a model for the classifying bundle is the antipodal map S∞→
P∞ over the real projective space P∞; then H ∗(BZ2,Z2) is isomorphic to Z2[a], where
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a ∈ H 1(P∞,Z2) is the generator. If G = Zp , p > 2, a model for the classifying bundle
is S∞→ L∞p , where L∞p is the infinite lens space. Then H ∗(BZp,Zp)∼=
∧[a] ⊗ Zp[b],
where a ∈H 1(BZp,Zp) and b ∈H 2(BZp,Zp); b is the image of a under the Bockstein
operator β1. If X is finite-dimensional the Zp-index of X can either be the ideal in∧[a] ⊗ Zp[b] generated by (bn), for some n, or by a pair (abm,bn), for some m and
n (compare [10]).
For cyclic groups Zp it is also convenient to use the numerical index, which is an
integer, indZp (X;Zp) := dim(H ∗Zp (∗))/(IndZp (X)). Sometimes we will denote it simply
by ind(X).
By “index” we will usually mean the numerical index.
One of the basic properties of IndG is that if X and Y are G-spaces and f :X→ Y is an
equivariant map then IndG(Y )⊂ IndG(X); thus, for G= Zp , ind(X) ind(Y ).
If x ∈ H ∗(BG) and X is a free G-space, we will denote by x|X the image of x under
the homomorphism induced by a classifying map X→ BG.
Suppose that X is a space with a periodic map of a prime period p generated by g,
let ρ = 1 − g and ρ = 1 + g + · · · + gp−1. The Smith exact sequence of X is an exact
sequence [1, (3.9), p. 125 and p. 144]
· · · −→Hiρ(X)
ρ∗−→Hi(X) T−→Hiρ(X)⊕Hi
(
XG
) δ−→Hi+1ρ (X)
ρ∗−→ · · ·
T is the transfer map, and H ∗ρ and H ∗ρ are the Smith special cohomology groups. If the
action is free, the fixed point set XG is empty. Moreover [1, p. 124, (3.4)]Hiρ(X)∼=Hi(X).
Thus for free actions the Smith sequence is:
· · · −→Hiρ(X)
ρ∗−→Hi(X) T−→Hi(X ) δ−→Hi+1ρ (X)
ρ∗−→ · · · .
The Smith sequence is natural with respect to equivariant maps.
3. Proof of the theorem in the case G= Zp, p > 2
Theorem (for G= Zp). ind(A(f ))m− pk.
In this case, m must be odd. As in [4], the map f :Sm → Y induces an equivariant
map g :Sm → Yp to the p-fold product Yp with Zp cyclically permuting the coordinates
of Yp and A(f ) = g−1(∆), where ∆ is the diagonal of Yp, the set of elements fixed by
the permutation. The p-fold deleted product of Y is Y (p)0 = Yp −∆. Then g induces an
equivariant map g0 :Sm −A(f )→ Y (p)0 and the orbit space map g0 : (Sm −Af )→ Y (p)0 .
We will first prove the following fact.
Proposition. Let g :Sm → Yp be an equivariant map and let g0 :g−1(Y (p)0 )→ Y (p)0 be
the map induced by g. If pk m, then the map g0∗ :Hpk(Y (p)0 )→Hpk(g−1(Y (p)0 ) is zero.
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Proof. Consider the following commutative diagram
Hpk(Sm)
i∗
Hpk(g−1(Y (p)0 ))
T
Hpk(g−1(Y (p)0 )) · · ·
Hpk(Yp)
g∗
i∗
Hpk(Y (p)0)
T
g∗0
Hpk(Y
(p)
0 )
g0
∗
0
The left-hand rectangle is a part of the homomorphism induced by the map (g, g0)
of the homology sequence of the pair (Sm,g−1(Y (p)0 )) into that of (Y p,Y
(p)
0 ), with i
denoting the two corresponding inclusions. The right-hand rectangle is a part of the map
of the Smith sequence of Y (p)0 into that of g
−1(Y (p)0 ). The horizontal sequences need
not be exact, but i∗ :Hpk(Yp)→ Hpk(Y (p)0) is surjective since Hpk+1(Y p,Y (p)0 ) = 0
as dim(Y p)  pk. Similarly the lower map T is surjective. Hence in order to show that
g0
∗ = 0 we need to show that g∗ = 0. This is obviously true if pk < m, and if pk =m it
follows from the fact that the top-dimensional elements of Hpk(Yp) are decomposable
into products of lower-dimensional classes, while the generator of Hpk(Sm) is not so
decomposable. ✷
Corollary 2. If pk m then there is no equivariant map Sm→ Y (p)0 .
Proof. Suppose that g :Sm→ Y (p)0 is an equivariant map. Then the generator ofHpk(BZp)
is ab(m−1)/2, so by the proposition g∗(ab(m−1)/2)|(Y (p)0 ) = 0. But g ∗(ab(m−1)/2) =
(ab(m−1)/2)|Sm = 0. ✷
Corollary 3. If pk m and g :Sm→ Yp is an equivariant map then g−1(∆) = ∅.
Proof. If g−1(∆) were empty, g would induce an equivariant map g0 :Sm→ Y (p)0 . ✷
Proof (of the theorem for G = Zp). Since G = H = Zp , then A(f,H,G) = A(f ) and
each point x ∈A(f ) is a Zp-coincidence point. We split the proof into two cases.
Case 1. k is odd.
Then m − pk is even and Hm−pk(BZp) is generated by b(m−pk)/2. To prove
that indZp (Af )  m − pk we need to show that (b(m−pk)/2)|Af = 0. Suppose that
(b(m−pk)/2)|Af = 0. Then there is an invariant neighborhood N of Af in Sm such that
(b(m−pk)/2)|N = 0. Since g0 is equivariant, g0∗(b(m−pk)/2)|(Y (p)0 ) = (b(m−pk)/2)|(Sm −
Af ). By the proposition g0∗ = 0, hence (ab(pk−1)/2)|(Sm − Af ) = 0. Since N and
(Sm −Af ) are open sets covering Sm,
((
b(m−pk)/2
)(
ab(pk−1)/2
))∣∣Sm = ab(m−1)/2∣∣Sm = 0.
This is a contradiction since ab(m−1)/2|Sm is the top-dimensional generator of Hm(Sm).
Case 2. k is even.
Then m−pk is odd and Hm−pk(BZp) is generated by ab(m−pk−1)/2. We need to show
that (ab(m−pk−1)/2)|Af = 0. As in case 1, suppose that (ab(m−pk−1)/2)|Af = 0. Then
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there is an invariant neighborhood N of Af in Sm such that (ab(m−pk−1)/2)|N = 0. We
again use the Proposition to show that g0∗(b(pk)/2)|(Y (p)0 )= (b(pk)/2)|(Sm −Af )= 0 and
obtain
((
ab(m−pk−1)/2
)(
b(pk)/2
))∣∣Sm = ab(m−1)/2 = 0.
This is a contradiction as in case 1. ✷
4. Comments on the case G= Z2
If G= Z2, m can be any positive integer. The proof of the proposition remains the same,
but with ab(m−1)/2 replaced by am.
In the proof of the theorem, we do not have to consider the cases when k is odd or even
separately. We will just outline the proof in this case.
Hm−2k(BZ2) is generated by am−2k . To prove that indZ2(Af )  m − 2k we need to
show that (am−2k)|Af = 0. Suppose that that (am−2k)|Af = 0. Then there is an invariant
neighborhood N of Af in Sm such that (am−2k)|N = 0. Since g0 is an equivariant map,
g0
∗(am−2k)|(Y (p)0 )= (am−2k)|(Sm −Af ).
By the proposition applied to M = Sm − Af , g0∗ = 0, hence (a2k)|(Sm − Af ) = 0.
Since N and (Sm − Af ) are open sets covering Sm, (am−2k · a2k))|Sm = (am)|Sm = 0.
This is a contradiction since (am)|Sm is the top-dimensional generator of Hm(Sm).
The above argument is similar to those used in proving inequalities or inclusions
involving G-index (compare [7,8,5]), but it is more subtle. We do not prove or claim that
indZp (Y0)  m (which would imply the conclusion). In fact, this is not always true: the
index of the deleted p-fold product of a k-dimensional polyhedron can very well be pk
(see [12]).
5. Proof of the theorem in the general case
Now H is a cyclic group of prime order p contained as a normal subgroup in a finite
group G acting freely on Sm. Let r = |G|/p be the number of the left cosets of G
by H ∼= Zp and a1, . . . , ar be a set of representatives of the cosets. We define the map
F : Sm→ Y r of Sm to the r-fold product Y r by
F(x)= (f (a1x), . . . , f (arx)
)
.
We assert that A(f,H,G)= A(F,H,G). In fact, let x ∈ A(f,H,G). Then each of the
H -orbits of aix for i = 1, . . . , r is mapped by f to a single point. If h ∈ H then the ith
coordinate of F(x) and F(hx) are f (aix) and f (aihx) respectively. Since H is normal
then aix and aihx are in the same H orbit; so x ∈A(F,H,G) and the result follows. This
proves that A(f,H,G)⊂A(F,H,G). The proof of the converse inclusion is similar. Now
we apply the above argument to F :Sm → Y r , considering H acting on Sm by restriction:
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since the dimension of Y r is rk, indH (A(f,H,G))= indH(A(F,H,G))m− p(rk)=
m− |G|k, and the theorem is proved.
Remark. An interesting particular situation is when G = Zpr and H is the group
generated by tpr−1 , where t is the generator of Zpr .
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